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1
Abstrat.
By means of Peres-Shlag's method we prove the existene of real numbers α, β suh that
lim inf
q→∞
(q log2 q)||αq|| ||βq|| > 0.
1. The famous Littlewood onjeture suppose that for any two real numbers α, β one has
lim inf
q→∞
q||αq|| ||βq|| = 0
(here || · || denotes the distane to the nearest integer).
This onjeture is obviously true for almost all (in the sense of the Lebesgue measure) pairs
(α, β) ∈ R2. Moreover, from Gallagher's theorem (see [1℄) we know that for almost all α, β one has
lim inf
q→∞
(q log2 q)||αq|| ||βq|| = 0.
Here we prove the following result.
Theorem 1. There exist real numbers α, β suh that
lim inf
q→∞
(q log2 q)||αq|| ||βq|| > 0.
Our result is based on an original method of onstruting badly approximable numbers invented by
Y. Peres and W. Shlag in [2℄. This method was reently applied by the author to several Diophantine
problems [3℄-[6℄. In the sequel we suppose that we deal with the dyadi logarithm log x = log2 x.
2. In this setion we prove an elementary lemma dealing with the sum
σ(α; q, Q) =
Q−1∑
x=q
1
||αx|| x log22 x
.
We take α ∈ R to be a badly approximable number. This means that with some positive δ < 1 one
has
inf
q∈N
q||αq|| > δ. (1)
Lemma 1. Let (1) holds. Then for any natural numbers Q > q one has
σ(α; q, Q) 6 28δ−1
(
log2
(
log2Q
log2 q
)
+ log2(1/δ)
)
.
1
Researh is supported by grants RFFI 06-01-00518
1
Proof. For natural µ, ν dene
Aµ,ν = {x ∈ N : 2
ν
6 x < 2ν+1, 2−µ−1 < ||αx|| 6 2−µ}.
As for 2ν 6 x < 2ν+1 from (1) follows
δ2−ν−1 < ||αx|| 6 2−1,
we see that
{x ∈ N : 2ν 6 x < 2ν+1} =
ν+1+⌈log2(1/δ)⌉⊔
µ=1
Aµ,ν .
Now
σ(α; q, Q) 6
⌈log2 Q⌉∑
ν=⌊log2 q⌋
2ν+1−1∑
x=2ν
1
||αx|| x log22 x
=
⌈log2 Q⌉∑
ν=⌊log2 q⌋
ν+1+⌈log2(1/δ)⌉∑
µ=1
∑
x∈Aµ,ν
1
||αx|| x log22 x
6
6
⌈log2 Q⌉∑
ν=⌊log2 q⌋
ν+1+⌈log2(1/δ)⌉∑
µ=1
2µ−ν+1ν−2card(Aµ,ν).
Note that
card(Aµ,ν) 6 card({x ∈ N : x < 2
ν+1, ||αx|| 6 2−µ}) = Iµ,ν .
We have
σ(α; q, Q) 6
⌈log2 Q⌉∑
ν=⌊log2 q⌋
ν+1+⌈log2(1/δ)⌉∑
µ=1
2µ−ν+1ν−2Iµ,ν . (2)
The value of Iµ,ν is bounded by the number of integer points in the region
Ω =
{
(x, y) ∈ R2 : 0 6 x < 2ν+1, |xα− y| 6 2−µ
}
.
Obviously the Lebesgue measure of Ω is equal to mesΩ = 2ν−µ+1.
Let there exists an integer primitive point (p0, a0) ∈ Ω (otherwise Iµ,ν = 0). From (1) we dedue
δp−10 6 ||p0α|| 6 2
−µ
and p0 > δ2
µ
. Now we onsider two ases.
In the rst ase we suppose that (p0, a0) is the unique primitive integer point in Ω(p). Then
Iµ,ν 6 ⌊2
ν+1/p0⌋ + 1 6 2
ν−µ+2δ−1.
In the seond ase the onvex hull of all integer points in the region Ω) is a onvex polygon Π
with integer verties. Aording to Pik's formula the number Iµ,ν of integer point in the polygon Π
is not greater than 6mesΠ and so
Iµ,ν 6 6mesΠ 6 6mesΩ = 12 · 2
ν−µ.
In any ase
Iµ,ν 6 2
ν−µ+4δ−1. (3)
2
Now we substitute (3) into (2) and obtain
σ(α; q, Q) 6 25δ−1 ·
⌈log2 Q⌉∑
ν=⌊log2 q⌋
(ν + 1 + ⌈log2(1/δ)⌉)ν
−2
6 26δ−1

 ⌈log2 Q⌉∑
ν=⌊log2 q⌋
ν−1 + log2(1/δ)

 6
6 28δ−1
(
log2
(
log2Q
log2 q
)
+ log2(1/δ)
)
and Lemma 1 is proved.
3. In this setion we (following Y. Peres and W. Shlag [2℄) onstrut "dangerous" sets of reals.
Let ε be positive and small enough. For integers 2 6 x, 0 6 y 6 x dene
E(x, y) =
[
y
x
−
ε
||αx||x2 log22 x
,
y
x
+
ε
||αx||x2 log22 x
]
, E(x) =
x⋃
y=0
E(x, y)
⋂
[0, 1]. (4)
Dene
l0 = 0, lx = ⌊log2(||αx||x
2 log22 x/2ε)⌋, x ∈ N. (5)
Eah segment form the union Eα(x) from (4) an be overed by a dyadi interval of the form(
b
2lx
,
b+ z
2lx
)
, z = 1, 2.
Let A(x) be the smallest union of all suh dyadi segments whih over the whole set E(x). Put
Ac(x) = [0, 1] \ A(x).
Then
Ac(x) =
τx⋃
ν=1
Iν
where losed segments Iν are of the form[
a
2lx
,
a+ 1
2lx
]
, a ∈ Z. (6)
We take q0 to be a large positive integer. In order to prove Theorem 1 it is suient to show that
for all q > q0 the sets
Bq =
q⋂
x=q0
Ac(x)
are not empty. Indeed as the sets Bq are losed and nested we see that there exists real β suh that
β ∈
⋂
q>q0
Bq.
One an see that the pair α, β satises the onlusion of Theorem 1.
In the next setion we prove the following statement.
Lemma 2. Suppose that ε is small enough. Then for q0 large enough and for any
q1 > q0, q2 = q
3
1, q3 = q
3
2
3
the following holds. If
mesBq2 > mesBq1/2 > 0 (7)
then
mesBq3 > mesBq2/2 > 0. (8)
Theorem 1 follows from Lemma 2 by indution as the base of the indution obviously follows from
the arguments of Lemma's proof.
4. In this setion we prove Lemma 2. Here we also follow the arguments from the paper [2℄ by
Y. Peres and W. Shlag. First of all we show that for x > q3 where q > q0 one has
mes
(
Bq
⋂
A(x)
)
6
24ε
||αx|| x log22 x
×mesBq. (9)
Indeed as from (5) it follows that
lx 6 l = ⌊log2(q
2 log22 q/ε)⌋, ∀x 6 q
we see that Bq is a union
Bq =
Tq⋃
ν=1
Jν
with Jν of the form [
a
2l
,
a+ 1
2l
]
, a ∈ Z.
Note that A(x) onsists of the segments of the form (6) and for x > q3 > 2l+1 (for q0 large enough)
we see that eah Jν has at least two rational frations of the form
y
x
, y+1
x
inside. So
mes(Jν ∩ A(x)) 6
24ε
||αx|| x log22 x
×mesJν . (10)
Nof (9) follows from (10) by summation over 1 6 ν 6 Tq.
To ontinue we observe that
Bq3 = Bq2 \
(
q3⋃
x=q2+1
A(x)
)
,
and hene
mesBq3 > mesBq2 −
q3∑
x=q2+1
mes(Bq2 ∩ A(x)).
As
Bq2 ∩ A(x) ⊆ Bq1 ∩Aαi(x)
we an apply (9) for every x from the interval q31 6 q2 < x 6 q3:
mes(Bq2 ∩ A(x)) 6 mes(Bq1 ∩A(x)) 6
24ε
||αx|| x log22 x
×mesBq1 6
25ε
||αx|| x log22 x
×mesBq2
(in the last inequality we use the ondition (7) of Lemma 2). Now as
log2 q3
log2 q2
= 3 the onlusion (8) of
Lemma 2 follows from Lemma 1 for ε small enough:
mesBq3 > mesBq2
(
1− 25εσ(α; q2 + 1, q3 + 1)
)
>
> mesBq2
(
1− 214ε
(
log2
(
log2 q3
log2 q2
)
+ log2(1/δ)
))
> mesBq2/2.
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